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Abstract
Let G be a non-Abelian finite group, Γ (G) the attached graph related to its conjugacy classes. The
aim of this paper is to prove that the symmetric group S3, the dihedral group D5, the three pairwise
non-isomorphic non-Abelian groups of order 12, and the non-Abelian group T21 of order 21, is the
complete list of all G such that Γ (G) contains no triangles.
 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
In [2] Bertram, Herzog, and Mann have attached the following graph Γ (G) to a
group G. The vertices of Γ (G) are represented by the non-central conjugacy classes of G,
and connect two vertices C and D with an edge if |C| and |D| have a common prime
divisor.
Note that G is Abelian if and only if Γ (G) has no vertices. So, throughout this paper
let G denote a non-Abelian finite group unless stated otherwise.
By studying the properties of Γ (G), it is expected to get some useful information on G,
and vice versa. This idea leads to some interesting results in the recent years (see, e.g.,
[1–5,7–11]).
The graph of the symmetric group S3 has two vertices but no edges. In [2] it is proved
that S3 is the only group with this property. If G is isomorphic to one of the following
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groups of order 12, and the non-Abelian group T21 of order 21, then Γ (G) is a disjoint
union of two connected trees. The main result in this paper shows that this is a complete
list of all non-Abelian finite groups with graph containing no triangles:
Theorem. Let G be a non-Abelian finite group. Then Γ (G) is a graph without triangles if
and only if G is isomorphic to one of the following solvable groups:
− the symmetric group S3;
− the dihedral groups D5 and D6;
− the alternating group A4;
− the group T12 of order 12 given by T12 = 〈a, b: a6 = 1, b2 = a3, ba = a−1b〉;
− the group T21 of order 21 given by T21 = 〈a, b: a3 = b7 = 1, ba = ab2〉.
It turns out that the property that Γ (G) has no triangles is equivalent to the one that
Γ (G) is a disjoint unions of two connected trees.
2. Connected graphs of solvable groups
We need the following two results from [3,10].
Lemma 2.1 (Knörr, Lempken, and Thielcke [10]). If G is a non-Abelian finite solvable
group with all conjugacy classes of distinct lengths, then G∼= S3.
Lemma 2.2 (Bianchi, Mauri, and Herzog [3]). If G is a non-Abelian finite group with all
non-central classes of distinct lengths, then the center Z(G)= 1.
From the lemmas above we immediately have
Corollary 2.3. If G is a non-Abelian finite solvable group with all non-central classes of
distinct lengths, then G= S3.
Claim 2.4. If Γ (G) is a connected graph without triangles, and B,C are distinct non-
central conjugacy classes of G, then |B| = |C|.
Proof. Otherwise |B| = |C|, then the number of vertices of Γ (G) has to be 2, since by
assumption Γ (G) is a connected graph without triangles. Let m = |B| = |C|. Then we
have |G| = |Z(G)|+|B|+|C| = |Z(G)|+2m. It follows that m | |Z(G)| and |Z(G)| | 2m.
Thus |Z(G)| =m or 2m. In each case we have [G :Z(G)] 3. Hence G is Abelian, which
contradicts the assumption. ✷
Claim 2.4 and Corollary 2.3 imply:
Proposition 2.5. If G is a non-Abelian finite solvable group with a connected graph Γ (G),
then Γ (G) contains triangles.
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have distinct lengths, and then by Corollary 2.3 we have G ∼= S3, which contradicts the
assumption that Γ (G) is connected. ✷
3. Graphs of non-solvable groups
We need the following result of Fisman and Arad [9], see also [2, Proposition 5].
Lemma 3.1 [2,9]. Let G be a non-Abelian finite simple group. Then Γ (G) is a complete
graph, i.e., there is an edge between any two vertices in Γ (G).
Denote by [x]G the conjugacy class of x in G. Then we have the following fact (see,
e.g., [4, Lemma 1.1]).
Lemma 3.2. Let G be a finite group, N ✂ G, x ∈ G. Then |[x]N | divides |[x]G|, and
|[xN]G/N | divides |[x]G|.
Claim 3.3. If G has only 2 different non-central conjugacy classes and Γ (G) is connected,
then G/Z(G)∼= S3.
Proof. Let B and C be the non-central conjugacy classes. Consider the natural morphism
π :G→ G/Z(G). By Claim 2.4 we have |B| = |C|. Hence for any x ∈ Z(G) we have
xB = B since xB is also a conjugacy class of G. Therefore Z(G)B = B and Z(G)C = C,
and hence π(B) and π(C) are two different conjugacy classes of G/Z(G). Thus, we have
the disjoint union of conjugacy classes G/Z(G)= {1} ∪ π(B)∪ π(C). Therefore
∣
∣G/Z(G)
∣
∣= 1+ ∣∣π(B)∣∣+ ∣∣π(C)∣∣,
which yields (|π(B)|, |π(C)|) = 1. But at least one of |π(B)| and |π(C)|) is not 1
since [G :Z(G)] 4. This means Γ (G/Z(G)) has vertices but no edges. It follows from
Corollary 3 in [2] that G/Z(G)∼= S3. ✷
Proposition 3.4. If G is a finite non-solvable group, then the graph Γ (G) contains
triangles.
Proof. Use induction on |G|. Assume that G is a counterexample of minimal order. First,
we claim that G is not simple (otherwise, by Lemma 3.1 Γ (G) is a complete graph. This
forces the number of non-central conjugacy classes of G has to be 2, since by assumption
Γ (G) contains no triangles. Then by Claim 3.3 G/Z(G) = S3. But by Claim 2.4 and
Lemma 2.2 we have Z(G)= 1. This derives a desired contradiction G= S3).
Now let N be a non-trivial normal subgroup of G. If N is solvable, then G/N is non-
solvable, and then by induction Γ (G/N) contains a triangle, say {[xN]G/N, [yN]G/N,
[zN]G/N }. By Lemma 3.2, the conjugacy classes {[x]G, [y]G, [z]G} of G constitute a
triangle in Γ (G), a contradiction. So N must be non-solvable. Again by induction
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contradiction. ✷
Combined with Proposition 2.5, we have:
Proposition 3.5. If G is a non-Abelian finite group with a connected graph Γ (G), then
Γ (G) contains a triangle.
4. Proof of the main result
Let n(G) denote the number of the connected components of Γ (G). We say that G is
a quasi-Frobenius group if G/Z(G) is a Frobenius group. The inverse images in G of the
Frobenius kernel and the Frobenius complement of G/Z(G) are then called the kernel and
a complement of G, respectively.
To study all non-Abelian finite groups with disconnected graphs, we need the results of
Bertram et al. in [2]:
Lemma 4.1 [2]. If G is a finite group, then n(G) 2.
Lemma 4.2 [2]. A finite group G satisfies n(G) = 2 if and only if G is quasi-Frobenius
with Abelian kernel and Abelian complement.
The following lemma seem to be well-known. For the convenience of the reader we
include a proof.
Lemma 4.3. Let G be a Frobenius group with Abelian Frobenius kernel N , and H be its
Frobenius complement. Let N be the disjoint union of t + 1 G-conjugacy classes. Then
(i) All non-central conjugacy classes contained in N are of same length |H |, and hence
|N | = 1+ t|H |.
(ii) If in addition H is also Abelian with |H | = s+1, then any non-central conjugacy class
of G is of length either s + 1 or (s + 1)t + 1. Moreover, the numbers of all different
G-conjugacy classes with length s + 1, (s + 1)t + 1 are respectively t, s.
Proof. Let
N = {1} ∪C1 ∪C2 ∪ · · · ∪Ct ,
be the disjoint union of G-conjugacy classes. Since N is the Frobenius kernel of G, it is
well known that CG(x)⊆N for 1 = x ∈N (see, e.g., [6, p. 347]), and then CG(x)=N for
x ∈N since N is Abelian. Therefore
|Ci | =
[
G :CG(xi)
]= |G| = |H |, ∀xi ∈ Ci, 1 i  t .|N |
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of length [G :CG(x)] = [G :H ] = |N | = 1+ t (s + 1). Since
1+ s(1+ t (s + 1))+ t (s + 1)= |G|,
the assertion (ii) follows. ✷
Lemma 4.4. Let G be a quasi-Frobenius group with Abelian kernel N and Abelian
complement H . Let |Z(G)| = r , |H/Z(G)| = s + 1, and N/Z(G) be the disjoint union
of t + 1 conjugacy classes of G/Z(G). Then we have
(i) Let C be a G-conjugacy class. Then |C| = 1, s + 1, or (s + 1)t + 1.
(ii) The numbers of all different G-conjugacy classes with length 1, s+ 1, (s+ 1)t+ 1 are
respectively r , rt , rs.
Proof. By Lemma 4.3 we have |N/Z(G)| = (s + 1)t + 1. Let
[
n1Z(G)
]
G/Z(G)
, . . . ,
[
ntZ(G)
]
G/Z(G)
the all non-central conjugacy class of G/Z(G) contained in N/Z(G). Then by Lemma 4.3
they are all of length s + 1. Note that
[n1]G, . . . , [nt ]G
are pairwise different non-central conjugacy classes of G. They are all of length s+1 since
CG(ni)=N .
Let
H/Z(G)= {1¯ = h¯1, h¯2, . . . , h¯s+1
}
.
Then [hi]G, 2  i  s + 1, are pairwise different G-conjugacy classes, all of length
(s+ 1)t + 1. (In fact, since both N and H are Abelian and N ∩H =Z(G), by considering
their images in G/Z(G) it is easy to see that CG(hi) = H , and [hi]G = [hj ]G for
2 i = j  s + 1.)
Note that for c ∈ Z(G), c[hi]G and c[nj ]G are also G-conjugacy classes, and that
c1[hi ]G = c2[nj ] for c1, c2 ∈ Z(G). Also, note that if k = l, or c1 = c2, then c1[hk]G =
c2[hl]G and c1[nk]G = c2[nl]G (by considering their images in G/Z(G)). In this way we
already get rt G-conjugacy classes of length s + 1, and rs G-conjugacy classes of length
(s+1)t +1. While |G| = r(s+1)((s+1)t+1), it follows that c[hi]G, c[hj ]G (c ∈Z(G),
2  i  s + 1, 1  j  t are the all non-central G-conjugacy classes. This completes the
proof. ✷
Now we are in a position to prove the Theorem stated in the Introduction.
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Conversely, if G is a non-Abelian finite group and Γ (G) contains no triangles, then
by Proposition 3.5 Γ (G) is disconnected. It follows from Lemmas 4.1 and 4.2 that G
is quasi-Frobenius with Abelian kernel N and Abelian complement H . Let |Z(G)| =
r , |H/Z(G)| = s + 1, and N/Z(G) is the disjoint union t + 1 conjugacy classes of
G/Z(G). Since G/Z(G) is a Frobenius group with Abelian kernel N/Z(G) and Abelian
complement H/Z(G), it follows from Lemmas 4.3 and 4.4 that the lengths of G/Z(G)-
conjugacy classes are the same with those of G-conjugacy classes. Therefore Γ (G/Z(G))
either contains no triangles. Hence rs, rt  2, and therefore r , s, t  2.
Case 1. If t = 2, s = 2, then r = 1, |H | = 3, |N | = 7, and hence |G| = 21. Thus G T21.
Case 2. If t = 2, s = 1, then r = 1, |H | = 3, |N | = 4, and hence |G| = 12. Thus GA4.
Case 3. If t = 1, s = 2, then we have r = 1, |H | = 2, |N | = 5, and hence |G| = 10.
Thus GD5.
Case 4. If t = 1, s = 1, r = 1, then |H | = 2, |N | = 3. Thus G S3.
Case 5. If t = 1, s = 1, r = 2, then |H | = 4, |N | = 6. Since H ∩N =Z(G) and G=NH ,
it follows that |G| = 12 and hence GD6 or T12. This completes the proof.✷
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